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As is well known, equations of degree up to 4 can be <solved in radicals>. The solutions can be obtained,
apart from the usual arithmetic operations, by the extraction of roots. In the case of the quadratic
equation, this has a very concrete meaning. Even if the coefficients are arbitrary complexr numbers, the
solutions can always be calculated by the extraction of roots from nonnegative real numbers. This can,
if necessary, even be done by hand.

It is therefore important to emphasize that, already in the case of the cubic equation with only real
coeflicients, <solvability in radicals> means much less. Whenever there are three distinct real solutions,
calculating them involves finding a solution to the equation

ZT=1U

for some complex, nonreal u. (To be quite precise, this is not necessary if coefficients as well as solutions
are rational.) Most of the time this cannot be done by just extracting roots from nonnegative real
numbers. Therefore, while the question of whether or not a certain equation can be solved in radicals
has had a profound influence on the development of mathematics, it is not of any decisive importance to
the actual search for solutions.

1 Arbitrary complex coefficients

As any cubic equation 2z + az? + bz + ¢ = 0 can be transformed to the form

B4 pz+qg=0 (1)
by the substitution of 2z with 2z — £, solving the cubic boils down to solving equation (1). The identity
(u+v)® 4+ plu+v) +q = (u® +v* 4+ q) + (Buv + p)(u +v) (2)
connects (1) with the system
{sis -2 3)

The idea of letting z = u + v apparently goes back to the Italien mathematician Tartaglia (1499 or
1500-1557). However, while to Tartaglia all numbers were real (and even nonnegative), we shall admit
arbitrary complex numbers.

Theorem 1
(i) If (u1,v1) is a solution of (3), then uy + vy is a solution of (1).
(ii) If uy + vy is a solution of (1) and 3ujvi +p =0, then (u1,v1) is a solution of (3).

(iii) If z1 is a solution of (1), then there is a solution (uy,v1) of (3) such that zy = uy +vy. Apart from
order, uy and vy are uniquely determined:

Zl+ z1
Uy = — g V) = — —¢€
2 ’ 2

for some ¢ such that €? = (%1)2 +

w3



PROOF: (i) and (i) are immediate consequences of (2).

(#i1) The conditions u; + v; = 21 and wjv, = —g uniquely determine (apart from order) w;, vy as the
solutions of the equation w? — 2z - w — % = 0. Therefore u; = % +¢, v1 = 5 — ¢ for some ¢ such that

g2 = (%1)2 + £. By (i), (u1,v1) is a solution of (3). q.e.d.

3

£ 3 are the solutions of the equation

The first equation of (3) implying u?v® = (75)3, (3) implies that u3, v
w2 +q-w— (3)3 = 0. These solutions are —% + § and —% — ¢ for some § such that 6% = A, where

3
a=(3)+(5)"
Therefore, (3) implies

3uv = —p, (4)
ud = —% 44 and 3 = —4 — 6 for some ¢ such that 02 =A.

The converse is trivially true, hence we get:

Lemma 1.1 The equation systems (3) and (4) are equivalent.

Next we prove:

Theorem 2 Let §, uy be such that > = A, u3 = —% 49, where uy # 0, and let v; = —ﬁ. Then
(i) v =4+,
(#) ui + vy s a solution of (1).

Proor: 37 = A = (4)° + (§)° implies that (~£)° = (4)° - 5
From the definition of v; we get vi = (—%) . % =u} (—2-96)-

of (4) and, by Lemma 1.1, of (3). By (i) of Theorem 1, u; + v; is a solution of (1). g.e.d.

(-4+) (~4-8) = " (-4 ~0).
= —2 — 4. So (u1,v1) is a solution

S

This theorem is, in a way, an instruction on how to obtain a solution z;:
e Find a 0 such that 6> = A (can be done by extraction of roots from nonnegative real numbers).
e Find a solution u; to the equation u® = —2 46 (by de Moivre’s formula).
e Calculate v; = 735’—“.

o Let 21 = U1 + vg.

We let ¢ be one of the nonreal solutions of the equation 2% = 1, let’s say

g:%<—1+\/§~i). (5)

As 23 — 1= (2 —1)(2% + 2 + 1), ( satisfies
C+ie+1=0. (6)

If (u1,v1) is a solution of (3), then obviously, (¢¥uy,( %) and (¢~*v1, (Fuy) also are (k € Z). We now
prove the converse:

Theorem 3 If (u1,v1) and (uz,v2) are both solutions of (8), then
(uz, v2) = (¢(Fur, (" on) or  (ug,v2) = (¢"For, Fun)

for some k € {0, 1, 2}.



PROOF: We first assume that p = 0. Then, e.g., u; = vo = 0. From the second equation of (3) follows
v} = —q = u3. So up = (*vy for some k € {0, 1, 2}. Trivially, vo = ¢ "*u;. We let &' = 3 — k mod 3.
Then ¢* = ¢% and ¢~% = ¢*, therefore (ug,v2) = (C’klvl,cklul), where k' € {0, 1, 2}. All other cases
are treated similarly.

Now we assume p # 0. Then Lemma 1.1 implies that for some § such that §% = (%)2 + (%)3, uj = —144,

and either u3 = —% + 6 or v§ = —% + 4. In the first case, u3 = u}, and therefore uy = (*u; for some
k € {0, 1, 2}. The first equation of (3) implies that usvs = ujvy; = —p, therefore (Fujvy = uvy. As
p # 0, uy # 0, and we conclude that (*vs = vy, and therefore vo = (~*v;. In the second case, vi = u3},
and therefore vy = (Fu, for some k € {0, 1, 2}. As before, ugvy = uaCFuy = uivy = —p, and usCk = vy,
Uy = (‘kvl. q.e.d.

Theorem 4 Let z1, za, 23 be the (not necessarily distinct) solutions of (1), and let (u1,v1) be any solution
of (3). Then for k =0, 1, 2, the values (*uy + (~*v1 are a permutation of the solutions z1, z», z3.

PRrOOF: By (iii) of Theorem 1, each of the solutions z1, 23, 23 is of the form ' + v’, where (u,v")
is a solution of (3). By Theorem 3, (uv/,v) = ((*uy, (%) or (v/,v) = (("Fv1,¢Fuy), and therefore
v +v" = Fuy + (Fop for some k € {0, 1, 2}. q.e.d.

Example 1 The following picture illustrates how the solution of the equation 2% — (36 + 121)z + (126 —
1171) = 0 is reduced to the solution of the simpler equations
q

zﬁ:—g+6:—u8+u&,1ﬁ=—§—5=2—nL

where § = —65+%i, P =A= —2%% —90351. We can take as a start u; =4 +4iand v1 =2 —1i.

uy = 4+ 4i T
’01:2—i

YQ% | \
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We then get us, us by twice rotating u; by %’T (twice multiplying uy by (), and vy, v3 by twice rotating
v1 by —%’T (twice multiplying v; by ¢71).



Theorem 5 If z1, 2o and z3 are the solutions of (1), then

1

A= —qog (22 = 21)(23 — 22) (21 — z))”.

Therefore
(i) A #0 if and only if all solutions are distinct.

(ii) If z1, z2, z3 are all distinct and real, then A is also real, and A < 0.

PRrROOF: In view of Theorem 4 we may assume that z; = uy 4+ v1, 22 = Cuy + (" log, 23 = Cuy + (20
for some solution (uy, vy) of (3). We find

(€= 1D(ur + (¢ +1)v1) (¢ = D(u = Cur),
(1= O+ Qur +v1) (€= 1)(CPur —v1)

and therefore, applying ((? — ()2 =¢* -2+ =((+¢*)-2=-1-2= -3,
(22— 21)(21 —23) = ((—1)>(w—Co)(Cur —v1) = (¢ —1)*(Cuf — (urvr — ugvr + o)

¢
(€= 12(CPuf + Curvn +CP0f) = (2= O*(uf +uwor +07)
=3(u} + uyvy 4 0%).

zo—z1 = ((—Du+ (=1
z—zz = (1= +(1-0On

We further have
zm—z = (C=Qu+ (-G = (—=)(u—wv1)

and therefore (29 — 21)(23 — 22)(21 — 23) = —3(u} + wgvy +v?) - (% = O)(ug —v1) = —=3(¢? — ) (uf — v3).
By Lemma 1.1, (uy,v1) is also a solution of (4), therefore u} = —% + 46, v} = —% — § and uf — v} = 26
for some § such that 62 = A. Thus finally, ((z2 — 21)(23 — 22)(21 — z3))2 =9(-3)-4A = —108 A. q.e.d.

2 All coefficients real

While the above results hold for arbitrary complex coefficients, we now retrict ourselves to real values of
p and ¢. Then A = (%)2 + (%)3 also is real, and there are three possibilities:

I. A =0 («vanishing discriminant>),
II. A > 0 (<classical cases),

III. A < 0 (<irreducibel cases).

We will show that in cases I and III, there are only real solutions, whereas in case II, there are two nonreal
solutions (which then are conjugate complex).

2.1 The case of the vanishing discriminant

Let p be the uniquely determined real number such that

3_4
P = 9
Then A = (%)2 + (g)?, = 0 implies p° + (%)3 =0, (%)3 = —p% & = —p? Thus we have p = —3p?,
q = 2p3, and (1) becomes

23 —3p° -z + 202 =0.

Obviously, one of the solutions is z; = p, and after splitting off the factor © — p, for z5, 23 we get the
equation 2% + p - x — 2p? = 0 having the solutions p and —2p.

Theorem 6 If p, q are real and A =0, then (1) has the solutions S/g, {/g. —2\3/?



2.2 The classical case

If p and ¢ are real, and A > 0, equation (1) has one real and two nonreal solutions, the latter being
conjugate complex. We start with the following

Lemma 2.1 If z; is a solution, then (1) is equivalent to (v — z1)(2% + 21 - x + (27 + p)) = 0, and

2 1 2
A= 108 (321 +4p) (327 +p)” = —ﬁA1 (32 +p)”,
where Ay = — (3z% + 4p) is the discriminant of the quadratic factor.
PROOF: From 2} + pz1 + ¢ = 0, we get 2 = —1 (2} +pz1) and therefore A = (%)2 + (§)3 =

2
1(#F +p2)" + 50 = %ﬁ (2729 + BApzt + 27p27 + 4p®) = 155 (321 + 4p) (921 + 6pzf + p?), thus A =
w65 (327 +4p) (327 +p)~ . For the discriminant of the quadratic factor, we find Ay = 22 — 4(22 +p) =
—327 —4p = — (32} + 4p). Hence A = — 5 Ay (327 —|—p) q.e.d.

We define two real numbers u; and vy, letting

[ LevE w=il iV 7)

Theorem 7
(i) (u1, v1) is a solution of (3).
(ii) z1 = uy + vy 1s a solution of (1).

(#ii) z1 is the only real solution of (1). The other solutions are za, z3 = % (—(u1 +v1) £ V3 (ug — 1) - i).

PROOF: (i)3u1v1:3§/(—g+\/z)< +\f>_3,/ —A—S\/% % (5)3:3</(_g)37
hence 3ujv; = —p. u$ +vd = ( 44 \/>) (—7 — \/Z) =—q.

(#i) As (uq, v1) is a solution of (3), u; + v; is a solution of (1) by (¢) of Theorem 1.

(iii) By Lemma 2.1, z9, 23 are the solutions of the quadratic equation 22 + z; - x + (22 + p) = 0 having
the discriminant A; = —(32% + 4p). On the other hand, from (ii) we get 22 — (u; — v1)? = (u1 +v1)? —
(ug —v1)? = dujv; = 4 , hence 27 + %p = (u; —v1)? and Ay = —3(2% + 4?”) = —3(u; —v1)?. Therefore
Zo, 23 = 7( zlzl:\f(ul —vl) ) where 21 = u; + v1. q.e.d.

Of course, Theorem 7 yields the same result as Theorem 6 if A = 0.

Example 2 Applying Theorem 7 to the equation 2% 4+ 2 — 2 = 0, we obtain

. 2 . 2
= §/1+ 5\/21+ 01— 5\/21.

Now this seems rather surprising, because obviously, one of the solutions is z; = 1. This is the only real
solution, as #® +  — 2 = (x — 1)(2® + 2 + 2), the second factor having no real zeroes. So we are forced
to conclude that

. 2 . 2
{/1+9\/21+ Y 1—7\/21:1.

If there are rational numbers a and b such that (a + b\ﬁ) =1+ Q\ﬁ then (a — b\ﬁ) =1- %\/ﬁ,
and the left side reduces to (a+bv/21)+(a—byv/21) = 2a. We therefore look for b such that (3+ b\/ﬁ)3 =
1+ %\/ﬁ . The conditions for b are
1 + 63 b2
{ (1 +28b2
1
6"

So the sum of the two third roots reduces to

oo =

This system has a unique solution: b =

(i) hoom)



We might have reached this insight easier with the shortcut furnished by (m) of Theorem 1. Knowing

thatz1:1,Weget5:\/(%)2+l:é 21,u1:%—|—% 21, v1 = 7—7\/ 1. For u; — v we get 1\/

and finally, applying (ii¢) of Theorem 7, 21, 29 = % (71 + \ﬁl)

Example 3 23 — 2 — 1 = 0. By Theorem 7, we get A = (%)2 + (g)g = % = 18 69 and

\/ +18W \/—\F~13247

Any rational solution would have to be an integer, and any integer solution would have to be a divisor

of ¢ = —1, but 1 and —1 are not solutions. So there are no rational solutions. Consequently, there is
no use looking for rational r, s such that (r + 5v6 )3 5 + 18 V69. If there were, this would imply
(r—sV6 ) 5 — 75V 69, and we would have the rational solutlon z1 = (r+ sv69) + (r — sv/69) = 2r.
Theorem 8 Let z1, 22, z3 be the solutions of the equation 3 + pxr + q¢ = 0 where z; and b are real
numbers such that b > 0 and 23 = —5- £ b-i. Then if z1 = u1 + vq,

zZ1 b

Uy, V1 =

—+ —.
2 V3

PRrROOF: The equation corresponding to the given solutions is x° + (b2 — %z%) x4+ ¢ = 0. From part (4i7)

2
b? LI

of Theorem 1 follows uy, v1 = & £ ¢, where ¢ = \/(%1)2 +£= % -3 = \/g' q.e.d.

Example 4 23 + 62 — 20 = 0. We get A = 108. As z; = 2 is a solution, applying Theorem 7 (i), we
conclude that

{/10+6\/§+ {/10—6¢§=2.

Part (i74) of Theorem 1 yields u;, v1 = 1 £, where £ = 4/ (%1)2 +E2=V1+2= V3. Hence uq, v =
1 £+ /3. We indeed find
(1+V3)3 =10+ 6V3.

Splitting off the factor x — 2, we find z3 3 = —1 £ 34. Using Theorem 8, we again find u;, v1 =1+ % =

14++/3.
2.3 The irreducibel case

3
If p, q are real, then A = (%)2 + (%)3 < 0 implies p < 0, p = —|p|, and A = — ((g) — (g)2> We let

=i VA Then [|~§ 4[| = |4 +i- VAl = /(3)7~ A, hence

-5l () o »

3 = —% + 6 has three distinct solutions uy, us, ug such that

Therefore the equation u° =

|
ug|| =1/ — # 0.
s = 1/ 2
We let v, = —ﬁ and xx = ug + v (i = 1, 2, 3). Then by Theorem 2, z1, 29, z3 are solutions of (1).
From uivy, = —% U and uplUy = ||uk|\ < |§|> = % = uivy, we conclude that v, = uy and

k= uk + U = 2Re(ug) = 2 ||ug|| cos(arg(ug)).



i-v—=A), where vV—A > 0.

3 +
3
. By (i) of Theorem
™

But arg(uy) = sarg(—% +6) + (k — 1) - &, and arg(—% + 0) = arg(—%
Ipl

Therefore ¢ = arg(—4 + 6) = arccos <|"i5|> = arccos

5, all solutions are distinct. We can also see this directly, as 0 < ¢ <
2—”< +2i<7r 4—7r< —|—4l< 5” . As a consequence,

w 27 1 p Ar 1 %)
-1 -+ = —= -+ = = = <1
<cos<3 3>< 2<Cos<3 3 <2<cos3< 9)

, and therefore 0 < £ < %,

This implies that Re(uy), Re(us), Re(us), and therefore 21, 25, 23 are all distinct.

Theorem 9 If A < 0, the equation (1) has three distinct real solutions:

T =2 ‘p|c05 1arccos 4 3 ' + (k1) o (k=1,23)
PV 3 3 2 lp| 3 T

We might add that our deduction of course garanties that in this result, arccos is always defined. More

2 8 2 3
directly, as p < 0, the following are equivalend: AzO, (g) — M z07 <g> Z @ , hence we
< 2 3 < 2/ <\ 3

have:

> . q 3\3| >
Lemma 2.2 Ifp <0, then A=0 if and only if |—3 - (|—> =1.

< Pl <
2.4 Another, most elegant formulation
In view of the result of Theorem 9, we let

z=2 %w (10)

3
Then (1) transforms into 8 (%) w3 + 2p |p|w +qg=0. As p = 3sgn(p )@ this is equivalent to

8 (%)3103 + 6sgn(p) (‘%)310 = —q and, if p # 0, to

_4g 3 3
4w + 3sgn(p)w = C, where C = ——2— = 4 (> . (11)
p) 2V AR
(%)
Therefore, (1) is equivalent to
I 4w +3w=C,if p>0,
II. 4w? — 3w =C, if p < 0.
These equations match in form with the identities
4sinh®p + 3sinhgp = sinh3p,
4cosh®p — 3coshp = cosh3g, (12)
4eos®p — 3cosp = cos3gp,

whereby we have to keep in mind that the ranges of sinh, cosh, cos are R, {x € R/x > 1}, and {z €
R/|xz| < 1}, respectively. Comparing (11) with (12, we get



Theorem 10
(i) wy = sinh (3arsinh C) if p > 0,

cosh (%arcosh C) ifp<0and C >1

(i1) wn = { — cosh (3arcosh (=C))  ifp<0and C < -1~

(iii) wy, = cos (garccosC + (k—1)- 2%), where k=1,2,3 ifp<0 and |C| < 1.
By Lemma 2.2, (i) and (4¢) correspond to the «classical cases, while (7i7) is the result in the «irreducibel
case> (Theorem 9). There is, however, a difference. While the deduction of Theorem 9 is based on complex
numbers, the deduction of part (4ii) of Theorem 10, based on the formula cos 3¢ = 4 cos ¢* — 3 cos ¢, lies
wholly within the realm of the real numbers.

In order to confirm that cases (i) and (i4) of Theorem 10 lead to the result of Theorem 7, we first prove

C+vVC?2+1 ifp>0,

Lemma 2.3 (%)3 <_%+\/Z) - C+VC?2—=1 ifp<0and C?>1.

p

[N

(3)° = A therefore = —3 -
(o7 1 gy theelore €+ VOTHT = S (44 V3)

3 q)\2
(%) (—% —i—\/Z) If p<0and C? > 1, then C?> -1 = ((32)3 -1 = ( Ap)B > 0, therefore C +
-3 -3

C? 1= ﬁ (—g +\/Z) = (I%I)B (—% +\/Z). q.e.d.

Theorem 11 Ifp >0, or p <0 and C? > 1, then (i) and (ii) of Theorem 10 both lead to

PROOF: (i). iarsinhC = In V/C ++/C? +1, hence w; = sinh (3arsinh C) = 3 (3 C+VC%2+1- m)
+

. _a_JA
By Lemma 2.3, v/C +vC? +1 = ﬁ?/—g VA === VE G VE(EE) -4 -VAa=

—\/g:“ —g—\/E,thereforewlzé\/g(:\*/—g—f—\/x—}- Y —g—ﬂ),andzl =2/Zw = {/-L+VA+
{1 VA

(i7). The proof runs analogously to that of case (i), using that for C' > 1, farccosC' = 1In VC+/C% -1

and thus
1 1 1
cosh <3arccos C’> =5 (\3/ C+vVC?2-1+ ) ,

VC++/C? -1
where, by Lemma 2.3, ¥/C +/C2 — 1 = ,/% P-4+ VA,

If C < —1, the equation 4w?® — 3w = C has to be replaced by the equivalent equation 4(—w)? — 3(—w) =
—C > 1. qed.

PROOF: If p > 0, then C? +1 =

wls

—~

Begun: 27.11.2008
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